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Abstract
Let G be a simple graph with n vertices and let Gc be its complement. Let (G) be the
spectral radius of adjacency matrix A(G) of G. In this paper, a sharp upper bound of the
Nordhaus{Gaddum type is obtained:
(G) + (Gc)6
r
2− 1
k
− 1k

n(n− 1);
where k and k are the chromatic numbers of G and Gc, respectively. Equality holds if and only
if G is a complete graph or an empty graph. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
In this paper, all graphs are nite undirected graphs without loops and multiple
edges. The complement Gc of a graph G is the graph with same vertex set as G,
where any two distinct vertices are adjacent if and only if they are non-adjacent in
G. Let (G) be the spectral radius of the adjacency matrix A(G) of G. Let k and k
denote the chromatic number of G and Gc, respectively.
In 1956, Nordhaus and Gaddum [8] rst considered the sum of the chromatic number
of graph G and its complement Gc. For any graph with n vertices, they proved that
2
p
n6k + k6n+ 1:
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In 1970, Nosal [9] gave a sharp lower bound and an upper bound of the spectral
radius of the Nordhaus-Gaddum type. For a graph G with n vertices, she showed the
following inequalities
n− 16(G) + (Gc)6
p
2(n− 1):
The left-hand inequality is actually an equality if and only if G is regular. In 1996,
Li [7] proved that
(G) + (Gc)6− 1 +
p
1 + 2n(n− 1)− 4(n− 1− );
where  and  are the maximal and minmal values of the vertex degrees of G respec-
tively. For any connected graph with n vertices, Li [7] and Zhou [10] independently
gave the following inequality:
(G) + (Gc)6
p
2(n− 1)(n− 2):
Recently, in [6], we improved all previous results. In that paper, we gave two
inequalities:
(G) + (Gc)6
s
2− 1
t

n(n− 1)
and
(G) + (Gc)6
s
2− 1
T

(n− 1);
where t =minfk; kg; T =maxfk; kg.
In this paper, we give a sharp upper bound for the spectral radius of the Nordhaus{
Gaddum type. For any graph with n vertices, we prove that
(G) + (Gc)6
s
2− 1
k
− 1k

n(n− 1)
with equality if and only if G is a complete graph Kn or an empty graph.
The terminology not dened here can be found in [1,2].
2. Lemmas and results
Lemma 1 (Homan [4]). Let (G)=1>2>   >n be the eigenvalues of a graph
G and let k be the chromatic number of G (k>2): Then
06(G)6− (n + n−1 +   + n−k+2):
A complete k-partite graph is a graph whose vertex set can be partitioned into k
non-empty subsets V1; V2; : : : ; Vk in such a way that any vertex in Vi is adjacent to
every vertex in Vj; j 6= i, and no two vertices of Vi are adjacent (16i6n). If the
vertex number of Vi is ni, the graph is denote by K(n1; n2; : : : ; nk). If ni = t for all i,
the graph K(t; t; : : : ; t) is called an equi-complete k-partite graph.
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Lemma 2 (Edwards and Elphick [3], Hong [5]). Let G be a simple graph with m
edges and chromatic number k. Then
(G)6
r
2(k − 1)m
k
with equality if and only if G is an equi-complete k-partite graph or an empty graph.
Proof. If k = 1, then G is an empty graph, (G) = 0 and the result is trivial. We can
assume that k>2.
We have
Pn
i=1 i = 0 and
Pn
i=1 
2
i = 2m. By Lemma 1 and the Cauchy{Schwartz
inequality, we have
2(G)6(n + n−1 +   + n−k+2)2
6(k − 1)(2n + 2n−1 +   + 2n−k+2)
6(k − 1)(2n + 2n−1 +   + 22)
= (k − 1)(2m− 2(G)):
Therefore
(G)6
r
2(k − 1)m
k
:
Equality holds if and only if all the following equalities hold:
2(G) = (n + n−1 +   + n−k+2)2
= (k − 1)(2n + 2n−1 +   + 2n−k+2)
= (k − 1)(2n + 2n−1 +   + 22):
Thus, one of the following cases holds:
Case 1: k = 1 and (G) = 0. It is easy to see that G is an empty graph.
Case 2: k>2; 2 =   =n−k+1=0; n=   =n−k+2. Thus (G)=−(k−1)n. Then
G is an equi-complete k-partite graph. The proof is completed.
Theorem. For any graph G with n vertices,
(G) + (Gc)6
s
2− 1
k
− 1k

n(n− 1);
with equality if and only if G is a complete graph Kn or an empty graph.
Proof. From Lemma 2, we have
(G)6
r
2(k − 1)m
k
=
s
2m

1− 1
k

and
(Gc)6
s
2( k − 1) m
k
=
s
2 m

1− 1k

;
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where m is the edge number of the complement Gc. So 2 m = n(n − 1) − 2m. Let us
suppose that s= 1− 1=k; s= 1− 1= k and
f(m) = (G) + (Gc) =
p
2ms+
p
(n(n− 1)− 2m) s:
It is easy to show that
f(m)6f

s
2(s+ s)
n(n− 1)

=
p
(s+ s)n(n− 1):
Therefore
(G) + (Gc)6
s
2− 1
k
− 1k

n(n− 1):
Equality holds if and only if each of G and Gc are empty graph or equi-complete
k-partite graph. Moreover, m= s=(2(s+ s))n(n−1). Thus, G must be a complete graph
or an empty graph. The proof is completed.
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